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ABSTRACT
Virial shocks at edges of cosmic-web structures are a clear prediction of standard structure formation
theories. We derive a criterion for the stability of the post-shock gas and of the virial shock itself in
spherical, filamentary and planar infall geometries. When gas cooling is important, we find that shocks
become unstable, and gas flows uninterrupted towards the center of the respective halo, filament or
sheet. For filaments, we impose this criterion on self-similar infall solutions. We find that instability
is expected for filament masses between 1011− 1013M⊙Mpc
−1. Using a simplified toy model, we then
show that these filaments will likely feed halos with 1010M⊙ . Mhalo . 10
13M⊙ at redshift z = 3, as
well as 1012M⊙ . Mhalo . 10
15M⊙ at z = 0.
The instability will affect the survivability of the filaments as they penetrate gaseous halos in a
non-trivial way. Additionally, smaller halos accreting onto non-stable filaments will not be subject
to ram-pressure inside the filaments. The instreaming gas will continue towards the center, and stop
either once its angular momentum balances the gravitational attraction, or when its density becomes
so high that it becomes self-shielded to radiation.
1. INTRODUCTION
The thermodynamic state of gas in cosmic web fila-
ments has important implications for observations and
theoretical predictions. It will affect halos which are fed
by those filaments, as well as small halos that accrete
onto those filaments as part of the cosmic hierarchical
growth.
Spherical virialization of gas in halos has been a pre-
diction of galaxy formation models for decades. In par-
ticular, it has been shown (Rees & Ostriker 1977; Silk
1977; Binney 1977; White & Frenk 1991) that a compar-
ison between cooling times and ages of galactic halos can
predict the transition from galaxies to groups and clus-
ters. Birnboim & Dekel (2003, hereafter BD03) derived
a stability criterion against gravitational collapse of the
gas in the presence of significant cooling. They find that
for halos belowMcrit ≃ 10
12M⊙ a hot gaseous halo is not
expected to form, and gas will free-fall until it reaches the
disk, at which point it will stop, radiating its kinetic en-
ergy abruptly at that point. This has been confirmed in
multiple hydrodynamical simulations (e.g. Keresˇ et al.
2005; Ocvirk et al. 2008; Faucher-Gigue`re et al. 2011)
and successfully reproduces star forming galaxies at high-
z (Dekel & Birnboim 2006; Dekel et al. 2009) and the
color-magnitude bi-modality (Dekel & Birnboim 2008;
Croton et al. 2006; Cattaneo et al. 2006). Observa-
tional indications of this scenario are gradually accu-
mulating (e.g. Dijkstra & Loeb 2009; Kimm et al. 2011;
Martin et al. 2015).
In this letter we derive a criterion for the stability of
virial shocks around filaments and sheets that form the
cosmic web, analogous to the BD03 criterion for halos.
Following Fillmore & Goldreich (1984, hereafter FG84),
we construct self-similar density profiles of filaments. We
apply our stability analysis to these profiles to identify
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filaments around which a stable virial shock is expected
to form. This criterion is translated to a more useful form
by identifying which halos are expected to be fed by these
filaments. We find that filament instability influences a
large portion of halos in the universe throughout cosmic
age.
The stability of filaments has been addressed before,
numerically (Harford & Hamilton 2011) and analytically
(Freundlich et al. 2014; Breysse et al. 2014), but without
taking into account cooling, and by analyzing the stabil-
ity of initially static filaments, ignoring the effects of the
shock at the filaments’ edge.
In § 2 we derive the stability criterion for the existence
of virialized gas in 1,2 and 3 dimensional collapse. In § 3
we relate our local criterion to cosmic filaments according
to the self-similar solutions of FG84. In § 4 we relate
these filaments to typical halo masses that will likely be
fed by them. In § 5 we summarize and conclude.
2. VIRIAL SHOCK STABILITY IN SPHERICAL,
CYLINDRICAL AND PLANAR GEOMETRY
The analysis in BD03 was performed for spherical ac-
cretion in the presence of cooling. In this section we
generalize that derivation for infall onto spherical, cylin-
drical (onto filaments), and planar (onto sheets or disks)
objects.
The ideal gas equation of state (EoS) is
P = (γ − 1)ρe, (1)
with γ =
(
∂ lnP
∂ lnρ
)
s
the adiabatic index, and ρ, e, P the
density, internal energy and pressure respectively. The
adiabatic index measures the “stiffness” of the EoS, or
the adiabatic pressure response to compression. By anal-
ogy, we define the effective EoS index, γeff , of a parcel
of gas undergoing compression as its pressure response
along a Lagrangian trajectory:
γeff ≡
d lnP
d lnρ
=
ρ
P
P˙
ρ˙
, (2)
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with upper dot implying a Lagrangian time derivative.
Following BD03, this form is transformed into
γeff = γ −
ρ
ρ˙
/
e
q
. (3)
with q related to the Sutherland & Dopita (1993) cooling
rate according to
q = ρΛcool(T, Z) = ρ(N
2
aχ
2/µ2)Λmic(T ), (4)
where Na/µ is the average number of molecules per unit
mass and χ is the number of electrons per particle. This
parametrization allows for altered ionization state of the
gas (see Cantalupo 2010). This equation illustrates how
the effective stiffness of the gas is set by two compet-
ing timescales: the compression time, ρ
ρ˙
, and the cooling
time, e
q
. If radiative losses are significant during a com-
pression time, we get effective softening, γeff < γ. In the
absence of cooling, we recover γeff = γ.
The compression time for post-shock infalling gas de-
pends on the velocity and geometry of the infall through
the Lagrangian continuity equation,
ρ˙ = −ρ∇ · u = −ρ
(
(n− 1)
u
r
+
∂u
∂r
)
, (5)
with u being the velocity of the gas, and n the dimen-
sionality of the infall: n = 1, 2, 3 corresponds to planar,
filamentary and spherical collapse respectively. Assum-
ing that the post-shock flow is homologous,
u =
us
rs
r (6)
with rs the shock radius and us the velocity directly be-
low the shock, we can apply eq. (5) to show that the
post-shock gas must contract uniformly, independent of
r,
ρ˙
ρ
= −n
us
rs
= Const. (7)
This homologous behavior is seen in 1D simulations
for the spherical case (Birnboim & Dekel 2003), and is
a standard assumption in hydrostatic stability calcula-
tions. It also roughly matches self-similar solutions of
gaseous spherical infall (Bertschinger 1985).
We consider a quasi-static configuration where the
shock radius, rs, and the post-shock velocity profile
eq. (6) are approximately constant. We test the stabil-
ity of this configuration by assuming that it is initially
hydrostatic,
r¨ = −
1
ρ
∇P + ag = 0 (8)
(ag being the gravitational acceleration) but has an in-
ward post-shock velocity, and checking the sign of the
auxiliary acceleration or “jerk”,
...
r , that forms due to
this motion. A positive jerk will instigate outwards mo-
tion implying a stable configuration, while a negative
...
r
will lead to collapse, implying instability.2
2 The hydrostatic condition, eq. (8), assumes the acceleration
implied by the homologous velocity profile can be considered neg-
ligible compared to the deceleration across the shock. This is a
good approximation for strong shocks (see § 3). We avoid the in-
clusion of a homologous acceleration term because it complicates
The gravitational acceleration depends on the dimen-
sionality of the potential well. Since the perturbation is
Lagrangian, the mass enclosed below the gas parcel is
constant, so
ag = −Ar
1−n, (9)
with A a positive constant3. We convert the ∇ = d
dr
operator in eq. (8) to a Lagrangian mass derivative, by
noting that a mass element is related to a spatial differ-
ential according to:
dm = Bρrn−1dr, (10)
with B a positive constant4. Plugging eqs. (9) and (10)
into eq. (8) we find
r¨ = −Brn−1
dP
dm
−Ar1−n = 0. (11)
From here on we shall denote all mass derivatives with ′.
The rate of change in the acceleration is the time
derivative of eq. (11),
...
r = −B(n−1)rn−2uP ′−Brn−1P˙ ′−A(1−n)r−nu, (12)
noting that u = r˙. Eliminating the last term by use of
eq. (11), collecting terms, and exchanging the spatial and
time derivative of P one gets:
...
r = −Brn−1[2(n− 1)
u
r
P ′ + (P˙ )′]. (13)
The calculation of (P˙ )′ is somewhat lengthy. We first
derive an expression for P˙ :
P˙ = γeff
ρ˙
ρ
P = γ
ρ˙
ρ
P −
q
e
P
= γ
ρ˙
ρ
P −
ρPΛcool
e
= γ
ρ˙
ρ
P − (γ − 1)ρ2Λcool, (14)
with the first equality due to eq. (2), the second equality
to eq. (3), third to eq. (4) and fourth to eq. (1). By eq. (7)
we note that the term ρ˙
ρ
is independent of the spatial
derivative. We further assume that the cooling function,
Λcool, does not change significantly due to the change of
temperature of the Lagrangian mass element 5, so Λcool
can also be taken out of the derivative. We assume that
nearby mass elements directly below the shock start with
the same thermodynamic conditions (i.e. they lie on the
same adiabat). Combined with the definition in eq. (2),
this indicates that
P ′
ρ′
= γeff
P
ρ
. (15)
the derivation considerably but yields only an insignificant quanti-
tative correction.
3 for spherical, cylindrical and planar configuration the gravita-
tional acceleration is −GM/r2,−2Gl/r,−2πGΣ respectively, with
G,M, l,Σ constants.
4 Note that the units of dm here depend on the dimensionality
of the infall, n: it is mass for spherical infall, mass per unit length
for cylindrical infall and mass per unit area for planar infall.
5 This assumption is reasonable for Λcool(T, Z), except near
104K, and is necessary for an analytic solution to be possible. We
neglect it here, at the risk of a slight error near the lower boundary
of the unstable regime.
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Differentiating eq. (14) then yields:
(P˙ )′ = (16)
γ
ρ˙
ρ
P ′ − 2(γ − 1)ρΛcoolρ
′ = γ
ρ˙
ρ
P ′ − 2(γ − 1)q
1
γeff
ρ
P
P ′ =
γ
ρ˙
ρ
P ′ −
2
γeff
q
e
P ′ = γ
ρ˙
ρ
P ′ −
2
γeff
(γ − γeff)
ρ˙
ρ
P ′.
The second equality is due to eq. (15), the third by re-
verse use of eqs. (1) and (4), and the fourth by separating
q
e
from eq. (3).
Inserting eq. (16) into eq. (13), and converting ρ˙
ρ
and
u
r
to us
rs
according to eqs. (6) and (7), we finally get:
...
r = −Brn−1
us
rs
P ′[2(n− 1)− nγ +
2n
γeff
(γ − γeff)]. (17)
us < 0 because below the standing shock there is inwards
velocity, and P ′ < 0 so that the pressure force, −∇P, is
positive to balance gravitation in the quasi-hydrostatic
halo, so the factor before the square brackets is always
negative. A positive jerk, or stability, thus occurs when
2(n− 1)− nγ +
2n
γeff
(γ − γeff) < 0. (18)
We first note that in the absence of cooling γeff = γ and
the stability condition reduces to:
γ > 2−
2
n
. (19)
For the spherical case (n = 3) the stability criterion is
γ > 43 , recovering a well known result. For filamentary
accretion (n = 2) of adiabatically collapsing gas stability
is gained when γ > 1, and for planar collapse (n = 1)
when γ > 0.
When cooling is present the stability criterion is:
γeff >
2nγ
nγ + 2
, (20)
which, for monoatomic gas (γ = 53 ) is
10
7 ,
5
4 ,
10
11 for
spherical, cylindrical and planar collapse respectively.
We note that for γ = 53 the critical value of γeff in the
presence of cooling is always somewhat larger than the
adiabatic critical value. Hence, monoatomic gas that is
cooling with some local γeff , (with entropy and energy
decreasing due to cooling) is always less stable than an
adiabatic gas with a softened EoS γ = γeff .
3. STABILITY OF COSMOLOGICAL FILAMENTS
Filaments grow (in girth) by accreting gas from their
surroundings. The infall geometry is primarily cylindri-
cal, although most of the gas is channeled along sheets,
and becomes spherical in the vicinity of halos. The flow
parallel to the filament below and above the shock is con-
tinuous, and can be factored out locally with a proper
shift of the frame of reference. Dark matter (DM) and
gas accrete onto filaments together. Separation between
gas and DM occurs when gas becomes thermalized and
is decelerated due to its pressure. We wish to determine
where and how this gas is thermalized, particularly in
the presence of cooling, which softens the effective EoS
of the gas. To do so, we must connect global properties
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Fig. 1.—Mass profiles of self-similar cylindrical accretion normal-
ized to the virial radius and virial mass, as defined by the first shell
crossing, for various initial perturbation power-laws coefficients ǫ.
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Fig. 2.— Self-similar DM trajectory and mass profile of an ǫ =
0.8 perturbation. At time t∗ a specific shell with mass M∗ and
radius x∗ is at turnaround. The unitless time is τ = t/t∗ and
unitless radius is λ = x/x∗ (for consistency, all variables are named
according to FG84). Red (left axis): the self-similar shell trajectory
with λ normalized to the current turnaround radius at each time
Λ(τ). Blue (right axis): the self-similar mass profile in units of
M∗. The black vertical line corresponds to the radius at which
shell crossing first occurs, and is evident in the mass profile as well
as in the trajectory.
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of filaments: their mass per unit length and their den-
sity and velocity profiles, to local cooling and contraction
rates that determine the stability of the gas.
An ideal framework for connecting the large-scale prop-
erties of filaments to local conditions is the self-similar
solutions of FG84. We do not present here the deriva-
tion and results, and refer the reader to the original
paper. Following FG84, we numerically solve for the
self-consistent density profile and trajectories of infalling
cylindrical DM shells, starting from an initial mass per-
turbation within an Einstein de-Sitter universe. In this
framework, a filament is characterized by its mass per
unit length, and by its initial perturbation:
Mfil(r) =M
0
fil(r)
(
1 +
δMfil(r)
M0fil(r)
)
M0fil(r) ≡ πr
2ρu, (21)
with ρu the universal density at the initial time. The
perturbation is defined as a function of the unperturbed
mass:
δMfil
M0fil
=
(
M0fil
M∗
)−ǫ
, (22)
with M∗ a reference mass. ǫ varies between 0 and 1,
where 1 corresponds to the most localized perturbation
that still grows with M0fil, and 0 to a long range pertur-
bation for which the density of the perturbation is still
decreasing with M0fil. Fig. 1 shows the resulting mass
profiles (normalized to the virial radius and the virial
mass) for various values of ǫ. It is evident that the profile
within the virial radius of the filament depend weakly
on ǫ. The visible discontinuities in gradient correspond
to caustics in DM shells as they turn around consecu-
tively. The outermost caustic, or “first shell crossing” is
defined as the virial radius. The mass profiles in Fig. 1
are normalized to that radius.
Fig. 2 shows the self-similar trajectory of a DM shell
and the filament’s mass profile. The trajectory’s radius
is normalized to the turnaround radius at each time,
so before turnaround, at τ < 1, the spatial coordinate
λ/Λ > 1. The mass profile as a function of that same
spatial variable is also present. The vertical black line
corresponds to the event of first crossing (the virial ra-
dius), and is roughly where the virial shock will occur for
a gaseous shell.
From the self-similar solution we extract the infall ve-
locity and density at every radius. The infalling velocity
and density are for DM trajectories and correspond to
infalling gaseous shells only before they pass through the
virial shock, at which point their pressure becomes sig-
nificant and their trajectories diverge from those of the
DM. The stability of the post-shock gas depends on the
local compression rate, density and temperature for the
post-shocked gas. These values are approximated from
the pre-shocked ones by use of the strong shock approx-
imation, that is valid as long as the pre-shocked veloc-
ity is much larger than the pre-shocked speed of sound
(c0s). Assuming that the c
0
s . 10km s
−1, we show later
(Figs. 3 and 4), that this approximation goes from be-
ing marginally satisfied for the smallest filaments to be-
ing fully justified for the large filaments. Using the full
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Fig. 3.— Stability of ǫ = 0.2 perturbation as a function of fila-
ment mass and radius with respect to the filamentary virial radius.
colormap: γeff - white color corresponds to γeff = γ = 5/3. All
values below 1.25 are unstable. contours: the infall velocity.
shock conditions will not change the results significantly,
and requires knowledge of the thermodynamic state of
the cold gas. As the effective EoS becomes softer, the
virial shock ceases to expand, and starts to collapse. At
its critical state, we expect the shock to be at rest. Using
the strong shock approximation and assuming the shock
is at rest, the post-shock values are:
ρ1 =
γ + 1
γ − 1
ρ0 (23)
u1 =
γ − 1
γ + 1
u0
e1 =
2u20
(γ + 1)2
T1 =
µ(γ − 1)
NakB
e1,
with subscript 0 and 1 denoting pre-shocked and post-
shocked variables respectively, ρ0, u0 given from the nu-
merical solution of the self-similar collapse, and e1, T1 are
the internal energy and temperature of the post-shock
variables. µ = 0.61 is the mean molecular weight for
primordial, fully ionized gas, and Na, kB are Avogadro’s
number and Boltzmann’s constant. The conversion from
DM density to gas density is achieved by multiplying
the density by a universal baryonic fraction (fb = 0.17
throughout this work). This value is reasonable as long
as the DM and gas flow together, i.e. for pre-shocked gas.
For a filament characterized by M and ǫ we calculate
the post-shock values for every radius below rvir, and
use eq. (7) and eq. (4) inserted into eq. (3) to calcu-
late γeff . Figs. 3 and 4 show γeff as a function of Mfil
and r/Rvir, with Rvir defined as the radius of first shell
crossing of the self-similar solutions (see Fig. 2). In re-
gions where γeff drops below the threshold for stability,
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Fig. 4.— Same as Fig. 3, but for ǫ = 0.99
γeff < γcrit = 1.25, the filament cannot sustain a virial
shock. Moreover, if a shock were to form in regions where
γeff < 0, the post-shock pressure would decrease even as
it contracts. The mass range for which the filament is
unstable at least at some radius for both values of ǫ is
between 1011 − 1013M⊙Mpc
−1. In these plots, radii of
density caustics leave horizontal features, and peaks in
the cooling curve create features parallel to infall veloc-
ities. For each radius, the sharp drop in γeff as mass
exceeds the lower threshold for instability is due to the
post-shock temperature exceeding 104K, where the cool-
ing rate grows by many orders of magnitude.
4. IMPLICATION FOR ACCRETION ONTO HALOS
We now wish to relate the filament masses (per unit
length) to the typical masses of halos fed by such fila-
ments. A full analysis of the filament distribution that
accrete onto certain halos requires cosmological N-body
simulations. For simplicity, we choose an alternative av-
enue that approximates the relation between halos and
their filaments. Danovich et al. (2012) study the filamen-
tary nature of mass accretion onto high redshift galax-
ies. They find that typically, halos that originate from
high-σ peaks in the initial perturbation accrete most
(facc ≃ 70%) of their mass in filaments, out of which,
95% originates from the combined flow in the 3 largest fil-
aments. Although the work analyzes high redshift galax-
ies, we expect the same to be true for low-redshift clus-
ters, who are also high-σ peaks. Using these values, we
estimate the typical accretion rate through each filament
as
M˙acc =
facc
3
M˙halo, (24)
with M˙acc, M˙halo the mass flow rate of gas within a fila-
ment and halo accretion rate respectively. For the halo
accretion rate we use the fit from Neistein et al. (2006),
M˙halo
Mhalo
=
(
0.03
Gyr
)
(1 + z)
2.5
, (25)
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Fig. 5.— Stability of filaments falling into halos as a function of
halo mass and redshift, for ǫ = 0.2. colormap: the stable filament
fraction (see text).
with z the redshift. Finally, the mass of the filament
per unit length is related to the flow rate by Mfil =
M˙acc/vvir(Mhalo, z), using the halo virial velocity, vvir,
as an estimate for filaments’ velocity as they accrete onto
halos. A typical filament feeding a high-σ peak halo of
mass Mhalo will thus have an estimated mass of:
Mfil ≃
facc
3
(
0.03
Gyr
)
(1 + z)
2.5 Mhalo
vvir
. (26)
In Fig. 5 we use the inverse of this transformation to
show the stable fraction of a filament, fstable, as a func-
tion of the halo mass and redshift:
fstable ≡
1
Rvir
∫ Rvir
0
Θ [γeff(r) − 1.25] dr, (27)
with Rvir the virial radius of the filament, and Θ the
Heaviside function. From Fig. 5 it is evident that for
1010M⊙ . Mhalo . 10
13M⊙ at z = 3, as well as for
1012M⊙ .Mhalo . 10
15M⊙ at z = 0 halos are expected
to be fed by filaments that are not in hydrostatic stability.
5. SUMMARY AND DISCUSSION
We have shown that in the presence of significant cool-
ing, the accretion process of gas onto cosmic-web struc-
tures will not always proceed according to the stan-
dard virialization scenario of the infall-heating-cooling
sequence. The analysis shown here can be applied for
accretion onto spherical halos, cylindrical filaments and
planar sheets. For filament of 1011 − 1013M⊙Mpc
−1,
we show that gas is expected to fall without ever pass-
ing a shock, resulting in dense, thin filaments with low
entropy. This is in complete analogy to spherical cold
accretion onto halos that have been shown in BD03 and
demonstrated in observations and simulations.
Using a simplified toy model for the relation between
halo mass and redshift to typical filaments that feed it,
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we show that throughout cosmic history galaxies and
clusters are affected by that instability. In particular,
high-z star forming galaxies (Mhalo > 10
10M⊙ at z = 3),
and low redshift groups and clusters (1012M⊙ . Mhalo .
1015M⊙ at z = 0) will be fed by filaments for which the
gas is unstable.
The process that eventually stops the infall is still un-
clear, and we postulate that it is either angular momen-
tum support from an original helicity of the filament, or
by reduction of the cooling rate due to self-shielding of
the gas. A prediction of this work is thus that filament
gas, in the non-stable regime, will be highly rotating and
angular momentum supported. Both processes are hard
to identify in simulations, and have not been examined
so far. In their absence, gas in simulations will flow to-
wards the center of the filament until it approaches the
numerical gravitational smoothing length, at which point
the force will diminish. This indicates that the density
and entropy of gas in unstable filaments are a numerical
artifact and will not converge to the right values. This
problem will be examined in future work.
The lack of virialized gas in filaments is expected to sig-
nificantly affect the outcome of galaxies falling onto the
filament, and of halos fed by the filament. Halos falling
onto filaments are expected to looe gas through ram pres-
sure stripping, and to enrich the filament with metals.
Both these processes will be suppressed when galaxies
fall into filaments with no stable atmosphere. Penetra-
tion of cosmic-web gas directly to galaxies affects the ISM
state, and the gas available for star formation and AGNs,
as well as their feedback efficiencies. Mandelker et al.
(2016) analyze the Kelvin-Helmholtz stability of super-
sonic filaments. They find that filaments lose stability via
bulk modes, that correspond to standing waves reflecting
through edges of the filament. These results do not ac-
count for the effects of gravitational attraction towards
the center of the filament, and to angular momentum
support, both expected to stabilize the filament further.
These effects will be addressed in future work.
Observationally, the temperature of the filament could
affect its detectability through Lyman−α absorption
(Narayanan et al. 2010; Wakker et al. 2015) and emis-
sion (Martin et al. 2015). The temperature of the
filaments will also affect the soft X-ray background
and the total amount of gas in the “warm phase”
(Cen & Ostriker 1999; Dave´ et al. 2001). All these ef-
fects are left for analysis in future work.
We thank Oliver Hahn for useful discussions. YB and
DP have been supported by ISF grant 1059/14.
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